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Abstract
We study non-planar correlators in N = 4 super-Yang-Mills in Mellin space. We
focus in the stress tensor four-point correlator to order 1/N4 and in a strong coupling
expansion. This can be regarded as the genus-one four-point graviton amplitude of type
IIB string theory on AdS5×S5 in a low energy expansion. Both the loop supergravity
result as well as the tower of stringy corrections have a remarkable simple structure in
Mellin space, making manifest important properties such as the correct flat space limit
and the structure of UV divergences.
ar
X
iv
:1
81
2.
11
78
3v
1 
 [h
ep
-th
]  
31
 D
ec
 20
18
1 Introduction
Scattering amplitudes are one of the most fundamental observables in a quantum field the-
ory. Over the last decades remarkable mathematical structures underlying gauge and gravity
amplitudes have been discovered. Most of them not apparent from a Lagrangian formula-
tion of the theory. The study of the ultraviolet (UV) structure of gravity theories through
graviton scattering has a long history. While pure gravity in four dimensions, described
by the Einstein-Hilbert action, is finite at one loop, explicitly computations show that UV
divergences appear at two loops [1, 2]. In supersymmetric versions of gravity cancelations
between bosonic and fermionic contributions delay the loop order at which UV divergences
can appear. Moreover, hidden symmetries can lead to finite results at orders where UV
divergences are naively expected. Maximally supersymmetric theories of gravity have been
analysed in various dimensions. In the absence of new unknown cancelation mechanisms, it is
believed that the maximally supersymmetric theory in four dimensions, N = 8 supergravity,
will be UV divergent at seven loops, see for instance [3]. While an explicit computation to
seven loops is still out of reach, and the presence of UV divergences still a matter of debate,
the computation of [4] shows that UV divergences are present at five loops for D = 24/5. It
has been argued that any new mechanisms in four dimensions at seven loops, should have
appeared for five loops at D = 24/5. This would suggest N = 8 supergravity is not finite,
even perturbatively.
A mechanism to cure UV divergences is provided by string theory, where point particles
are replaced by strings of finite size
√
α′. String theory provides an ultraviolet completion
of (super)gravity. Its low energy dynamics is described in terms of an effective action, which
contains a super-symmetric version of the Einstein Hilbert action, plus an infinite tower of
higher derivative terms (stringy corrections) weighted by powers of α′. The structure of this
low energy effective action can be inferred from string scattering amplitudes. Furthermore,
by studying the scattering of the graviton state in string theory we can learn much not only
about the structure of string theory, but also about the maximal supergravity theories that
string theory UV completes. Over the last decade there has been great progress studying the
four-supergraviton amplitude in type II string theory in a low energy expansion in flat space,
see for instance [5–8]. The four-supergraviton amplitude depends on the string coupling
constant gs, the string size α
′ and the momenta and helicities of the external graviton states.
The dependence on the helicities is captured through the Lorentz scalar R4, which enters
as a prefactor and will be suppressed. The dependence on the momenta is through the
Mandelstam variables s, t, u, with s+ t+u = 0. In string perturbation theory the amplitude
admits an expansion in powers of gs, where the power g
2h−2
s corresponds to the contribution
from genus h worldsheets:
A(gs, α
′, s, t) =
1
g2s
Atree(α′, s, t) + Aloop(α′, s, t) + g2sA
2-loop(α′, s, t) + · · · (1)
Even in flat space explicit results are only known up to genus two, i.e. two loops. The tree
level result is given by the Virasoro-Shapiro amplitude [9]:
Atree(α′, s, t) =
Γ(−α′s/4)Γ(−α′t/4)Γ(−α′u/4)
Γ(1 + α′s/4)Γ(1 + α′t/4)Γ(1 + α′u/4)
(2)
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The one loop contribution was computed in [10] as an integral expression, and its low energy
expansion was studied in [5]. The two loop contribution was computed in [11, 12], see
also [13], and its low energy expansion was studied in [14]. Although these results are quite
complicated, much can be learnt from them.
In this paper we would like to tackle the problem of computing graviton string amplitudes
in AdS5 × S5 to genus one and in a low energy expansion. At present we don’t have a
systematic way to directly compute string amplitudes in curved space-time. However, for the
special case of AdS5×S5 the AdS/CFT duality offers an alternative approach. In a compact
space one cannot define asymptotic states but the AdS/CFT duality dictates that one should
map string amplitudes in the bulk to correlators of local operators in the boundary. The
AdS/CFT duality relates type IIB string theory on AdS5 × S5 to four-dimensional N = 4
SYM with the following identifications
g2s ∼
λ2
c
,
R2
α′
=
√
λ (3)
where c = (N2−1)/4 is the central charge of the gauge theory and λ = g2YMN is the t’ Hooft
coupling. The graviton on AdS is dual to the stress tensor super multiplet in N = 4 SYM,
and different members of the multiplet correspond to different helicities of the graviton. The
superconformal primary of the stress tensor multiplet is denoted by O2, a scalar operator
of protected dimension two. In this paper we will consider the four-point correlator of such
operators 〈O2O2O2O2〉 ∼ G(U, V ), where U and V are the usual conformal cross-ratios.
More precisely, it has been argued [15–17] that the appropriate quantity to associate to a
scattering amplitude in AdS is the Mellin transform of the above correlator, roughly given
by
G(U, V ) ∼
∫ i∞
−i∞
dsdtU s/2V t/2M(s, t). (4)
Perhaps the strongest evidence to support this claim is that in the flat space limit, where
the radius of AdS becomes very large, and the Mellin variables are rescaled accordingly,
one recovers scattering amplitudes in flat space. According to the identification (3) the
loop/genus expansion of the AdS amplitude corresponds to the large central charge expansion
of the correlator. Furthermore the low energy expansion corresponds to an expansion around
large λ, where the leading term corresponds to the supergravity result and the tower of terms
suppressed by powers of 1/λ corresponds to stringy corrections.
The study of gravitational theories on AdS by CFT correlators in a large c expansion
was initiated in [18] at tree level. The technology developed in [19, 20] allowed to push this
program further, giving access to loop amplitudes on AdS. In a very precise sense the one
loop result G loop(U, V ) follows from the square of the tree-level result Gtree(U, V ), following
an AdS unitarity method. These ideas were applied to the specific correlator at hand in [21],
where loop corrections to the supergravity result, without stringy corrections, were computed.
See [22] for an alternative approach to the same problem. An important feature of these
computations is the presence of operator mixing. To solve the mixing problem one needs to
consider more general correlators 〈O2O2OpOp〉 at tree level, where Op is a tower of protected
scalar operators of dimension ∆ = p, which corresponds to the KK-modes of the graviton.
From the AdS perspective this has the following interpretation: even if we consider gravitons
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as the external states, KK-modes will run along the loop, see figure. In [23] a machinery
to compute stringy corrections to the above loop supergravity result was developed. It was
shown that in the flat space limit the results are in perfect agreement with the low energy
expansion of the genus one string amplitude considered in [5]. The computation was done
at the level of the space-time answer G loop(U, V ) and focusing in certain piece of the answer,
namely the double-discontinuity, that contains in principle all physical information.
In the present note we study the structure of the loop answer in Mellin space. We will
consider both, the loop supergravity contribution as well as the stringy corrections. In order
to compute the latter we will assume the Mellin amplitude at tree level, for all correlators
〈O2O2OpOp〉, is given. We will see that the structure of both contributions in Mellin space
is remarkably simple. The result in Mellin space is illuminating in several respects. First,
it allows a direct comparison with the corresponding amplitude in flat space. In curved
space time the result involves an infinite sum over poles, which reduces to branch cuts in
the corresponding flat space limit. Second, the structure and degree of UV divergences is
much more transparent, since they arise from ’divergent’ sums in the definition of the Mellin
amplitude. These sums can be regularised, at the expense of adding polynomial ambiguities.
At each order in α′, however, the degree of such ambiguities is fixed by requiring analyticity
in the spin in the region where the inversion integral of [24] converges. As a byproduct of
our studies we also derive an integral formula that computes the anomalous dimensions of
double trace operators for any polynomial Mellin amplitude. This can be useful in different
contexts.
This paper is organised as follows. In the next section we describe the structure in
Mellin space of the supergravity result, together with the whole tower of stringy corrections.
Then in section 3 we describe the structure of the genus one result, including both, the loop
supergravity result, as well as the infinite tower of stringy corrections. The loop supergravity
result is given in full detail, while for the stringy corrections we give an algorithm to compute
them, from the result at tree level. Our main tool is a basis of polynomial functions in Mellin
space, described in the appendices, with a prescribed anomalous dimension. At the end of the
section we compare our results to the corresponding results in flat space. Then we conclude
with a list of open problems. Several appendices are also included. In particular, we describe
an algorithm to efficiently compute the anomalous dimension due to any polynomial Mellin
amplitude. This could be useful in other contexts.
3
2 Geralities and structure at tree level
2.1 Generalities
N = 4 SYM possesses a tower of half-BPS operators Op, with p = 2, 3, · · · , of dimension
∆ = p and transforming in the [0, p, 0] representation of the SU(4) R−symmetry group.
These operators map to the KK-modes of the graviton on AdS5 × S5. It is convenient to
represent them as follows
Op(x, y) = yI1 · · · yIpTr
(
ϕI1(x) · · ·ϕIp(x)) , (5)
where the SU(4) indices have been contracted with a null vector yI , I = 1, · · · , 6. We will
consider a special class of correlators involving these operators
〈O2(x1, y1)O2(x2, y2)Op(x3, y3)Op(x4, y4)〉 = (y1 · y2)
2(y3 · y4)p
x412x
2p
34
Gp(U, V, α, α¯) (6)
where we have introduced space-time and R−symmetry cross-ratios
U =
x212x
2
34
x213x
2
24
, V =
x223x
2
14
x213x
2
24
, (7)
αα¯ =
y212y
2
34
y213y
2
24
, (1− α)(1− α¯) = y
2
23y
2
14
y213y
2
24
, (8)
The correlator Gp(U, V, α, α¯) can be split into the contribution from short, protected, multi-
plets and long multiplets
Gp(U, V, σ, τ) = Gshortp (U, V, α, α¯) + G longp (U, V, α, α¯) (9)
Gshortp (U, V, α, α¯) does not depend on the coupling constant and can be computed following
[25]. For this class of correlators superconformal Ward identities fix completely the R-charge
dependence of the long contribution, see [26–28]
G longp (U, V, α, α¯) =
(z − α)(z − α¯)(z¯ − α)(z¯ − α¯)
α2α¯2
Hp(U, V ) (10)
where we have introduced U = zz¯, V = (1 − z)(1 − z¯). Hp(U, V ) encodes the dynamically
non-trivial information in the correlator and admits a decomposition in super conformal
blocks
Hp(U, V ) =
∑
∆,`
a∆,`g∆,`(z, z) (11)
where the sum runs over superconformal primaries in long multiplets, of dimension ∆ and
spin `, present in the OPEs O2×O2 and Op×Op, transforming in the singlet of SU(4). a∆,`
denote the OPE coefficients with which such primaries appear. The explicit expression for
the superconformal blocks in given in appendix A. We will study this correlator in a double
expansion. First around large central charge
Hp(U, V ) = HMFTp (U, V ) +
1
c
Htreep (U, V ) +
1
c2
Hloopp (U, V ) + · · · (12)
4
and then each term around large ’t Hooft coupling λ. In this regime the intermediate
operators are double trace operators labelled by their spin and n = 0, 1, · · · , with dimension
∆n,` = 4 + 2n+ `+
1
c
γtreen,` +
1
c2
γloopn,` + · · · (13)
and OPE coefficients denoted by ap,n,`:
ap,n,` = a
MFT
p,n,` +
1
c
atreep,n,` +
1
c2
aloopp,n,` + · · · (14)
where the OPE coefficients in the mean field theory approximation follow from HMFTp (U, V )
and are given by aMFTp,n,` = c
MFT
p,n,` c
MFT
2,n,` with
(cMFTp,n,` )
2 =
24(`+ 1)Γ(n+ 1)(`+ 2n+ 6)Γ2(n+ 3)Γ(`+ n+ 2)Γ2(`+ n+ 4)
p2(p+ 1)Γ(n+ 5)Γ(2n+ 5)Γ(p− 1)Γ3(p)Γ(`+ n+ 6)Γ(2`+ 2n+ 7)
×Γ(n+ p+ 3)Γ(`+ n+ p+ 4)
Γ(n− p+ 3)Γ(`+ n− p+ 4) (15)
In this paper we will study the structure of the 1/c corrections to the correlator in Mellin
space, defined as
Hp(U, V ) =
∫ i∞
−i∞
dsdt
(4pii)2
U
s
2V
t−p−2
2 Mp(s, t)Γ
(
2p−s
2
)
Γ
(
4−s
2
)
Γ
(
p+2−t
2
)2
Γ
(
p+2−u
2
)2
(16)
with s+ t+ u = 2p. As a consequence of crossing symmetry
Mp(s, t) =Mp(s, u), M2(s, t) =M2(t, s) (17)
When referring to the particular case p = 2, the index 2 will often be suppressed, hence
M(s, t) ≡M2(s, t). Let us start by describing the tree level result.
2.2 Structure at tree level
The Mellin amplitude at tree levelMtreep (s, t) includes the supergravity result plus an infinite
tower of stringy corrections, suppressed by powers of 1/λ. The supergravity solution takes
the form
Mtree-sugrap (s, t) =
4p
Γ(p− 1)
1
(s− 2)(t− p)(u− p) . (18)
Stringy corrections arise as ’truncated’ solutions to the crossing equations, where only op-
erators with finite support in the spin acquire a correction, see [18]. They correspond to
quartic bulk vertices of the schematic form φ22∇mφ2p, where φp are the KK scalars dual to
Op. In Mellin space, they are given by polynomials in the Mellin variables with the symmetry
properties (17), see [15, 29]. We will denote such polynomials by V
(q)
p (s, t). For each vertex
the support in the spin is given by the degree in the variable t (which is always even). The
full tree level amplitude then takes the form
Mtreep (s, t) =
p
Γ(p− 1)
(
4
(s− 2)(t− p)(u− p) +
∑
q
λ−3/2−d(q)/2V (q)p (s, t)
)
(19)
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Based in consistency with the flat space limit, both at tree level and at one loop, it has been
argued in [23], that each vertex V
(q)
p (s, t) is also a polynomial in p. Finally each vertex is
suppressed by a power λ−3/2−d(q)/2 where d(q) is the total degree of the polynomial in the
Mellin variables. For instance, the first vertices are given by
V (0)p (p, s, t) = ζ3(p+ 1)3 (20)
V (1)p (p, s, t) =
ζ5
8
(p+ 1)5
(
s2 + t2 + u2 +
2p(p− 2)
(p+ 5)
s+
b1 + p(p(b2 − 2p(p+ 9)) + 40)
(p+ 4)(p+ 5)
)
and they correspond to the terms R4 and ∂4R4 in the tree level effective action. The
coefficients b1, b2 are not fixed by the analysis of [23] and we will not fix them here. In this
paper we will assume the vertices at tree level are given, and we will give a systematic way
to construct the genus one amplitude from them.
3 Structure at one loop
3.1 Unitarity method on AdS
The basic idea of the AdS unitarity method developed in [20] is the following. Knowing
the correlator at order 1/c we can compute the corresponding anomalous dimension for the
double-trace operators γtreen,` . This together with the explicit structure of the conformal block
decomposition allows to compute the log2 U piece of the correlator to order 1/c2:
Hloop(U, V )∣∣
log2 U
=
1
8
∑
n,`
aMFTn,`
(
γtreen,`
)2
gn,`(U, V ). (21)
where gn,`(U, V ) is a short-hand notation for the conformal blocks of double-trace operators
at zeroth order. Via crossing this contribution fixes the part of the answer proportional to
log2 V . Then [19] allows to reconstruct the full CFT-data from this piece, and in principle the
whole correlator, up to certain ambiguities with finite support in the spin. In the language
of [24] the piece proportional to log2 V gives the whole double-discontinuity to order 1/c2,
from where the full CFT-data can be reconstructed through an elegant inversion formula.
The case of N = 4 SYM at strong coupling is more complicated. Due to its R−symmetry,
there are several double-trace operators with the same twist and spin at large central charge:
[O2,O2]n,`, [O3,O3]n−1,`, · · · , [On+2,On+2]0,`. (22)
and the sum over conformal blocks should include a sum over species for each (n, `). Hence
the correct expression for the piece proportional to log2 U is
Hloop(U, V )∣∣
log2 U
=
1
8
∑
n,`
aMFTn,` 〈
(
γtreen,`
)2〉gn,`(U, V ). (23)
where the square of the anomalous dimension has been replaced by its weighted average
and the index p = 2 has been suppressed in the OPE coefficients. In order to compute the
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weighted average we need to solve a mixing problem. For a given twist 4 + 2n, this can be
done by considering the family of correlators 〈O2O2OpOp〉, with p = 2, 3, · · · , n + 2. It can
then be shown
〈(γtreen,` )2〉 = n+2∑
p=2
〈γtreen,` 〉p〈γtreen,` 〉p (24)
where 〈γtreen,` 〉p is the averaged anomalous dimension that follows from the correlator 〈O2O2OpOp〉
to order 1/c. Note that this averaged anomalous dimension is the only information we can
compute from the correlator, in the presence of more than one species. This justifies the
figure in the introduction.
Let us now discuss in detail the structure of Mloop(s, t). We will star by discussing
Mloop-sugra(s, t), the result without stringy corrections. Then we will show how to systemat-
ically construct the stringy corrections from the result at tree level Mtreep (s, t).
3.2 Loop supergravity
In the following we give the full answer of the loop supergravity result in Mellin space. We
start by recalling the log2 V coefficient of the answer in space time. This can be extracted
from [22,30] and takes the form
G(2)(U, V )
∣∣∣
log2 V
=
1
zz¯(z¯ − z)D(D − 2)D¯(D¯ − 2)Gˆ
(2)(z, z¯) (25)
where D = z2∂z(1− z)∂z and
Gˆ(2)′(z, z¯) = R0(z, z¯) +R1(z, z¯) (log z − log z¯) +R2(z, z¯) (log z + log z¯) (26)
+R3(z, z¯) (Li2(1− z)− Li2(1− z¯)) +R4(z, z¯)
(
Li2(1− 1
z
)− Li2(1− 1
z¯
)
)
+
1− z¯
8U
Li2(1− z)− 1− z
8U
Li2(1− z¯)
The rational functions Ri(z, z¯) where given in [30],and can be found in appendix C. In [22] it
was shown how to complete this piece to the full answer in space-time, assuming the answer
has a specific structure in terms of transcendental functions. This result was confirmed
in [30]. In the following we will show that the answer has a remarkably simple structure in
Mellin space. We start by making the following observation. G(2)(U, V ) contains a piece that
behaves like log2 V log2 z ∼ log2 V log2 U . This can only arise from simultaneous poles in s
and t in Mellin space. Crossing symmetry then implies the following symmetric structure
Mloop−sugra(s, t) =
∑
m,n=2
(
cmn
(s− 2m)(t− 2n) +
cmn
(t− 2m)(u− 2n) +
cmn
(u− 2m)(s− 2n)
)
+ · · ·
(27)
with cmn = cnm and recall s + t + u = 4. The dots represent single poles and regular
terms, to be addressed below. We then proceed as follows. Given cmn one can perform the
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corresponding residue integrals and compute the piece proportional to log2 U log2 V of the
corresponding space-time answer. We obtain
G(2)(U, V ) =
∑
m,n=2
UmV n−2Γ(m+ n)2cmn
16Γ(m− 1)2Γ(n− 1)2 log
2 U log2 V + · · · (28)
This should be matched to the known result, which can be read off from (25). It is convenient
to expand it in powers of U :
G(2)(U, V )∣∣
log2 U log2 V
=
6 (V 2 + 4V + 1)
(1− V )6 U
2 +
12 (50V 3 + 313V 2 + 178V + 5)
(1− V )8 U
3 + · · · (29)
This allows to find c2n, c3n, · · · . After some work we were able to guess a closed form expres-
sion for cmn. The coefficients are indeed symmetric under m↔ n and are given by
cmn =
p(6)(m,n)
5(m+ n− 5)5 (30)
where p(6)(m,n) is a polynomial of degree six, given by
p(6)(m,n) = 30m2n2(m+ n)2 − 10mn (7m3 + 36m2n+ 36mn2 + 7n3)− 296(m+ n) + 64
+
(
44m4 + 548m3n+ 1152m2n2 + 548mn3 + 44n4
)
(31)
−2 (128m3 + 631m2n+ 631mn2 + 128n3)+ 12 (37m2 + 90mn+ 37n2)
One can explicitly check that this polynomial vanishes for m = n = 2; m = 2, n = 3 and
m = 3, n = 2, so that cmn is finite in these cases.
Having fixed the simultaneous poles of the Mellin amplitude, we can now turn to single
poles in s and t. A single pole in s generates a term proportional to log2 U , and hence
it should be captured by (25), upon crossing symmetry. We find the following remarkable
result: the whole double discontinuity (25) is reproduced by the simultaneous poles and
hence single poles are absent. In appendix D we furthermore show that regular terms are
also absent, except for a single constant ambiguity. Hence, the full answer is given by
Mloop−sugra(s, t) =
∑
m,n=2
(
cmn
(s− 2m)(t− 2n) +
cmn
(t− 2m)(u− 2n) +
cmn
(u− 2m)(s− 2n)
)
(32)
with cmn given above.
3.2.1 Flat space limit
As mentioned in the introduction, the Mellin amplitude M(s, t) has the interpretation of a
scattering amplitude on AdS. A strong indication that this must be the case is that in the
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limit in which the radius of AdS becomes very large, and the Mellin variables are rescaled
accordingly, one recovers the flat space scattering amplitude [15]. For the case at hand [31]
lim
R→∞
M(R2s, R2t) ∼
∫ ∞
0
β5e−βA(2βs, 2βt) (33)
where R is the radius of AdS and A(s, t) is the 10D flat scattering amplitude. See [21] for
a derivation of the precise relation, following [32], taking into account the graviton polarisa-
tions. In the following we will consider the large s, t limit of Mloop−sugra(s, t). This is not
straightforward, since its definition involves a double sum. Let us consider one of the three
contributions
Mpart(s, t) =
∑
m,n=2
cmn
(s− 2m)(t− 2n) (34)
The first observation is that this sum is divergent. In order to obtain a convergent sum we
take derivatives w.r.t. s and t.
∂s∂tMpart(s, t) =
∑
m,n=2
cmn
(s− 2m)2(t− 2n)2 (35)
the second observation is that any finite number of poles decays like 1/(s2t2) for large s, t.
However, from the explicit result for the flat space supergravity amplitude we expect a softer
decay. Hence the enhanced behaviour arises from the tail of the sums: namely the regions
where n and m are large and of the same order of s, t. Furthermore, if we are only interested
in the leading large s, t behaviour we can replace the sums by integrals. We are led to
∂s∂tMpart(s, t) ≈
∫ ∞
0
dmdn
6m2n2
(m+ n)3(s− 2m)2(t− 2n)2 (36)
the integrals can be performed and the answer written in terms of logarithms. Since we
would like to compare our answer to the 10D box integral below, we will work in a region
where logarithms are real in the Euclidean region, s, t < 0. We obtain the following result
∂s∂tMpart(s, t) =
3st (s2 − 4st+ t2)
4(s+ t)5
log2
−s
−t −
9st (s2 − t2)
2(s+ t)5
log
−s
−t (37)
+
3 (−s4 + 2 (4 + pi2) s3t+ 2 (9− 4pi2) s2t2 + 2 (4 + pi2) st3 − t4)
8(s+ t)5
This precisely agrees, up to an overall factor entering the proper flat space limit, with the
double derivative of the box function in ten dimensions I(s, t)
∂s∂tMpart(s, t) = 45∂s∂tI(s, t) (38)
where
I(s, t) =
1
120
(s2t2
u3
(
log2
−s
−t + pi
2
)
−(s−t)
(
st
u2
+
1
2
)
log
−s
−t+u log
√−s√−t
Λ2
−st
u
+aΛ2+bu
)
(39)
and here s+ t+u = 0. This is a non-trivial check of the Mellin expression for the loop super-
gravity result. Note that this match, together with crossing symmetry, strongly constraints
the possible regular terms that we can add to the Mellin amplitude in the loop supergravity
approximation. The only possibility is a constant. In appendix D we perform an independent
check of this fact.
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3.3 Stringy corrections
In this section we give an algorithm to determine the stringy corrections to the Mellin
amplitude at loop order for p = 2, assuming the Mellin amplitude, for all p, to tree level.
The recipe consists on three steps.
Step 1: determining the average anomalous dimensions to order 1/c
The first step to solve the mixing problem is to determine the average anomalous dimensions
from a given vertex in the correlator 〈22pp〉. The supergravity solution leads to the following
contribution
〈γtree-sugran,` 〉p = −
(n+ 1)4(n+ `+ 2)4(p− 1)p2(p+ 1)Γ(n+ p+ 3)Γ(n− p+ `+ 4)
12(`+ 1)2(2n+ `+ 6)2Γ(n− p+ 3)Γ(n+ p+ `+ 4) (40)
Note that although the anomalous dimensions of individuals eigenstates must be independent
of p, the weighted average is certainly not. For the vertices we proceed as follows. Consider
a particular vertex Vp(s, t), which is a polynomial in s, t and symmetric under t ↔ u. First
we write it as a linear combination of the Mellin functions M
(q)
p,L(s, t) presented in appendix
A, where the functions in the p−frame must be used
Vp(s, t) = c
(q)
0 M
(q)
p,0 (s, t) + c
(q)
2 M
(q)
p,2 (s, t) + · · ·+ c(q)LmaxM (q)p,Lmax(s, t). (41)
Here Lmax is given by the degree in t of the polynomial Vp(s, t). Once the coefficients c
(q)
L
are determined, it is straightforward to compute the anomalous dimension arising from this
vertex. This is given by
〈γVn,`〉p = 2
p
Γ(p− 1)
cMFT2,n,`
cMFTp,n,`
∑
q,L
c
(q)
L ρ
L,q
n,` (42)
where cMFTp,n,` are the MFT OPE coefficients given in (15) and ρ
L,q
n,` is given in appendix A. Let
us work out a simple example. Take Vp(s, t) = κ1(p), just a function of p, with no dependence
on the Mellin variables. First we write 1 as a linear combination of the functions M
(q)
p,L(s, t)
in the p−frame
1 = −1
4
(−1)pM (p−2)p,0 (s, t) (43)
Hence Vp(s, t) = κ1(p) leads to the following anomalous dimension
〈γVn,`〉p = −κ1(p)
(−1)pp
2Γ(p− 1)
cMFT2,n,0
cMFTp,n,0
ρ0,p−2n,0 (44)
= −κ1(p)(−1)
p(n+ 2)2(n+ 3)3(n+ 4)2p
(2n+ 5)(2n+ 7)(p+ 2)(p+ 3)
√
(n+ 1)3(n+ 5)3(p− 1)((n+ 3)2 − p2)
48(p+ 1)
with the results in appendix A it is in principle straightforward to compute the anomalous
dimension due to any polynomial vertex. As proven in appendix B, it is also possible to give
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an integral formula for the anomalous dimension given a specific vertex V (s, t). Assume for
simplicity Vp(s) is solely a function of s. Then only operators with spin zero will acquire an
anomalous dimension given by
〈γVn,0〉p = −
cMFT2,n,`
cMFTp,n,`
(−1)p(n+ 3)
4(2n+ 5)(2n+ 7)
∫ i∞
−i∞
ds
Γ
(
s
2
− n− 2)Γ ( s
2
+ n+ 4
)
Γ
(
s
2
− 1)2 Vp(s) (45)
Step 2: Taking the square
Once we have computed the averaged anomalous dimensions to order 1/c we can consider
specific contributions proportional to a quartic vertex times supergravity or two quartic
vertices. These contributions were denoted by 〈γ2〉sugra|R4n,` , 〈γ2〉R
4|R4
n,` , etc in [23] and are
represented by triangle and bubble loop diagrams, see figure. Following that notation, given
two vertices V, V ′, we have1
〈γ2〉V |V ′n,` =
n+2∑
p=0
〈γVn,`〉p〈γV
′
n,`〉p (46)
The contribution 〈γ2〉sugra|sugran,` leads to the loop supergravity result, considered previously.
Here we will consider the rest of the contributions. Let us focus in the example above,
Vp(s, t) = κ1(p) and compute the contributions 〈γ2〉sugra|V , 〈γ2〉V |V . We obtain
〈γ2〉sugra|Vn,` =
n+2∑
p=0
κ1(p)
(n+ 1)25(n+ 2)3(p− 1)p2(n− p+ 3)
24(2n+ 5)(2n+ 7)(p+ 2)(p+ 3)
(47)
〈γ2〉V |Vn,` =
n+2∑
p=0
κ1(p)
2 (n+ 1)
3
5(n+ 2)3(n+ 3)
2(p− 1)p2(n− p+ 3)(n+ p+ 3)
48(2n+ 5)2(2n+ 7)2(p+ 1)(p+ 2)2(p+ 3)2
(48)
In order to perform these sums we need to specify κ1(p). In all the examples studied so far
this always contains the factor (p + 1)3. For instance, to order 1/λ
3/2, the leading stringy
correction, the vertex is exactly of this form, and κ1(p) = ζ3(p+1)3 is fixed by matching with
1For different vertices there is two equivalent contributions, so we need to multiply by a factor of 2.
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the Virasoro-Shapiro amplitude in the flat space limit. One can perform the above sums in
more generality, but let’s take κ1(p) = (p+ 1)3 for definiteness. In this case we obtain
〈γ2〉sugra|Vn,` =
(n+ 1)3(n+ 2)4(n+ 3)5(n+ 4)4(n+ 5)3
720(2n+ 5)(2n+ 7)
(49)
〈γ2〉V |Vn,` =
(n+ 1)4(n+ 2)5(n+ 3)7(n+ 4)5(n+ 5)4
3360(2n+ 5)(2n+ 7)
(50)
Note that the results are simple rational functions, with only single poles. Requiring this to
be true puts some constraint on the possible p-dependence of the vertices at tree level. We
will not prove that this is indeed the case, but we note that for the leading stringy corrections
this is implied by the flat space limit. Furthermore, this is also strongly suggested by the
low energy expansion of the genus one string amplitude in flat space [5].
Step 3: Reconstructing the loop Mellin amplitude
The final step is to reconstruct the contribution to the loop amplitude from a given 〈γ2〉sugra|Vn,` , 〈γ2〉V |V
′
n,` .
For this, we perform the inverse of the procedure in step one. First, we write 〈γ2〉V |V ′n,` as a
linear combination of the insertions ρL,qn,` given in appendix A.
〈γ2〉V |V ′n,` =
∑
q,L
c
(q)
L ρ
L,q
n,` (51)
The upper limit in L is given by the minimum spin of the two vertices V, V ′. The upper limit
in q is set by the behaviour of 〈γ2〉V |V ′n,` at large n. Having found the decomposition (51) we
can readily write down the polar part of the Mellin amplitude at loop level:
M(loop)V |V ′ (s, t) =
1
4
∑
q,L
c
(q)
L M
(q)
L (s, t)ψ0
(
2− s
2
)
+ crossed (52)
where ’crossed’ denotes the other two contributions such that the full amplitude is sym-
metric in (s, t, u). This answer is crossing symmetric and reproduces the correct double-
discontinuity. For instance, for the two diagrams considered above we obtain
M(loop)sugra|V (s, t) =
1
14
(−126s4 + 1288s3 − 5544s2 + 11552s− 9600)ψ0 (2− s
2
)
+ crossed
M(loop)V |V (s, t) =
335
8
(−462s7 + 11627s6 − 134274s5 + 908180s4 − 3841208s3 + 10071488s2
−15053056s+ 9838080)ψ0
(
2− s
2
)
+ crossed (53)
Note that to this answer we can still add regular, polynomial terms, completely symmetric
in all Mellin variables. As we discuss in the following to a given order in 1/λ the degree of
the possible ambiguities can be actually determined.
12
3.4 Regularisation, UV divergences and ambiguities
Some of the sums involved in defining the Mellin amplitude at loop order/genus-one are
actually divergent. It is instructive to look at them in some detail. Consider for instance:
Mdiv(t) =
∑
n=2
1
t− 2n. (54)
This sum can be regulated by using zeta-function regularisation. An equivalent way is by
taking derivatives w.r.t. t and then performing the sum
M ′div(t) = −
∑
n=2
1
(t− 2n)2 = −
1
4
ψ(1)
(
2− t
2
)
(55)
which leads to
Mdiv(t) =
1
2
ψ(0)
(
2− t
2
)
+ C0 (56)
where C0 is a constant of integration. Similar sums can be regulated in exactly the same
way, but we may need to take more than one derivative. For instance∑
n=2
n
t− 2n =
1
4
tψ(0)
(
2− t
2
)
+ C0 + C1t (57)
The presence of divergent sums in the one-loop Mellin amplitude is a manifestation of the
UV divergences expected in the low energy expansion under consideration (loop supergravity
plus a tower of stringy corrections). As seen for the two sums above, they can be regularised,
but at the expense of introducing an ambiguity C0 +C1t. Upon symmetrisation and recalling
s + t + u = 4, this leads to an ambiguity which is a constant. This has exactly the same
form as the correction due to a quartic vertex R4.
A natural question to ask is, for a given divergent sum, what are the possible ambiguities.
In the computation above we could have taken more derivatives, which would have introduced
more constants of integration, and lead to a higher order polynomial in the Mellin variables.
The inversion formula of [24] explains why this is not possible and sets a limit in the order of
the polynomial. Note that a given sum over poles produces a specific double-discontinuity in
space time. Given this double-discontinuity one can compute the CFT-data for double-trace
operators, for instance their anomalous dimension, to this order. Note that the double-
discontinuity is blind to the polynomial ambiguities, but the anomalous dimension of low-
spin operators is not. The fact that the inversion formula should produce the correct result
in the region where it converges sets a bound on the polynomial ambiguities we can add.2.
As a result, for the sums above the ambiguous terms have to be the ones considered.
Before concluding, let us mention a toy-model to understand how stringy corrections
cure the UV divergences present in loop supergravity, at the level of the Mellin amplitude.
Very roughly, string theory introduces a soft cut-off in the momenta, adding a factor e−α
′p2
2The same conclusions can be drawn from large spin perturbation theory, if one assumes the CFT data
can be pushed down to the radius of convergence in 1/`, which is the case in this holographic context.
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in internal propagators for a given scattering process. This would suggest the following
prescription:
Msugra(t) =
∑
n=2
n
t− 2n →Mstring(t) =
∑
n=2
ne−α
′n
t− 2n (58)
this toy model has the correct large n behaviour at each order in α′. Note that the sum
Mstring(t) is now perfectly convergent for finite α
′. Furthermore, its corresponding double
discontinuity produces a CFT data convergent for all values of the spin. However, if one
performs the sum and then expands in α′ each term, when plugged into the inversion formula,
produces divergences for higher and higher values of the spin. More precisely, at order α′q
the inversion formula/CFT data converges only for spin > q + 1.
Let us now imagine we first expand in α′ and then perform the sums, regularising them
as above. To each order in α′ we would obtain∑
n=2
n
t− 2n =
1
4
tψ(0)
(
2− t
2
)
+ A0 + A1t (59)
∑
n=2
n2
t− 2n =
1
8
t2ψ(0)
(
2− t
2
)
+B0 +B1t+B2t
2 (60)
and so on. But for the toy model at hand this can be precisely compared with the small α′
expansion of the exact answer. We obtain∑
n=2
ne−α
′n
t− 2n = −
1
2α′
+
1
4
tψ(0)
(
2− t
2
)
+
1
4
(t logα′ + γEs+ 3) + · · · (61)
A very interesting feature is the appearance of the divergent term − 1
2α′ . This has exactly the
form of the known counterterm to regularise the loop supergravity computation. Generically
the structure of these enhanced terms is as follows∑
n=2
(2n)qe−α
′n
t− 2n ∼
1
α′q
+ · · ·+ t
q−1
α′
+ tqψ(0)
(
2− t
2
)
(62)
Note also the appearance of regular terms proportional to logα′. Still, we would like to stress
that this should only be seen as a toy model. For instance, a bug of this model is that it
produces a non-trivial Mellin amplitude to order α′, which is not present in the full solution.
3.5 Summary: full structure at one-loop
The low energy expansion of the one-loop string amplitude on AdS5×S5 takes the following
form
Mloop(s, t, u) = Mˆpolar(s, t, u) + Mˆpolar(t, u, s) + Mˆpolar(u, s, t) +R(s, t, u) (63)
with
Mˆpolar(s, t, u) =
∑
m,n=2
cmn
(s− 2m)(t− 2n) +
∑
n=3,5,6,···
1
λn/2
P (n+1)(s, t, u)ψ0
(
2− s
2
)
(64)
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with cmn given in (30) and where P
(n+1)(s, t, u) are polynomials in the Mellin variables
symmetric under t ↔ u and of total degree n + 1. These polynomials can be constructed
following the prescription outlined above. At each order in 1/λ we have the freedom to add
regular polynomial terms:
R(s, t, u) = α0 +
1
λ3/2
p(1)(s, t, u) +
1
λ5/2
p(2)(s, t, u) + · · · (65)
fully symmetric in the Mellin variables and with bounded degree, as discussed above. These
polynomials cannot be fixed from crossing symmetry alone. Note that based in the toy-
model above we expect these regular terms to contain also pieces proportional to logα′. It
is illuminating to compare this answer to the corresponding expansion in flat space, given
by [5,8]
Agenus−1(s, t, u) = Agenus−1an (s, t, u) + A
genus−1
non−an (s, t, u) (66)
where the analytic contribution is given by
Agenus−1an (s, t, u) =
pi
3
(
1 + 0σ2 + α
′3 ζ3
192
σ3 + · · ·
)
(67)
while the non-analytic part is given by
Agenus−1non−an (s, t, u) = A
loop−sugra(s, t, u) +
(
−
(
α′
4
)4
4ζ3pi
45
s4 log
(
−α
′s
µ4
)
(68)
−
(
α′
4
)6
ζ5pi
2520
(87s6 + s4(t− u)2) log
(
−α
′s
µ6
)
+ crossed + · · ·
)
We see that in the flat space limit the structure of the answer in AdS reduces exactly to
that in flat-space, where infinite sums over poles lead to branch cuts. Furthermore, note
that in the conventions of [5] Aloop−sugra(s, t, u) has an overall coefficient α′.3 Hence the
analytic contribution is enhanced by a power of 1/α′ with respect to the non-analytic piece
and can be interpreted as regulating the UV divergences that arise when computing the
genus one-amplitude, exactly as explained in the toy model above. Note furthermore that
the regular terms in the AdS solution will include the terms proportional to logα′ and log µ
in the flat-space limit.
4 Conclusions
In the present paper we have studied non-planar corrections to the stress-tensor four-point
correlator in N = 4 SYM, to order 1/c2 and in a large ’t Hooft coupling expansion. We
have studied such correlator in Mellin space, showing that it displays a remarkable simple
3The apparent mismatch in the powers of α′ is due to different conventions between the CFT and string
computation. For instance, from the results in [5] one can explicitly check that the relative factor between the
tree level supergravity result and the first non-analytic genus-one contribution is g2sα
′7. Using the AdS/CFT
dictionary this precisely reduces to 1c
1
λ3/2
, which is exactly what we obtain.
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structure. Our motivation is that this should represent the genus one graviton amplitude for
type IIB strings on AdS5 × S5. This cannot be accessed by direct methods.
Ours is a modest result, but the amplitude in Mellin space displays very interesting fea-
tures. In the loop-supergravity approximation the amplitude is given by an infinite sum over
simultaneous poles, plus a constant. Stringy corrections are given by sums over single poles,
whose residues follow from the result at tree level (for more general amplitudes, including
also KK modes). In addition we can add regular polynomial terms, whose degree is fixed at
each order in 1/λ. The result in Mellin space allows a direct comparison to the amplitude in
flat space, and its elucidating to contrast the two. Furthermore, there is a direct relation be-
tween the UV divergences present in the loop-supergravity result (which stringy corrections
cure) and the degree of the polynomial ambiguities mentioned above. It would be very inter-
esting to make contact with recent impressive developments regarding the Mellin/Polyakov
bootstrap, see [33–38], where the issue of contact terms is very important. In the problem at
hand we are dealing with a full-fledge holographic CFT and string theory and the flat space
limit put some constraints on what the regular terms can be.
As a byproduct we have also derived in inversion formula to compute the anomalous
dimension to double-trace operators given a polynomial Mellin amplitude. The idea behind
its derivation is the same as the idea that relates large spin perturbation theory to the usual
inversion formula, see [30]. However, the formula we have derived only works order by order
in t, so we feel it is far from optimal. It would be interesting to make contact with related
attempts [39–41].
There are many additional open questions that would be interesting to address. First,
note that we have assumed the tree-level answer for the family of correlators 〈22pp〉 is given
beyond the supergravity approximation. It would be very interesting to understand how to
fix the stringy corrections in this more general case, perhaps along the lines of [42]. In [23]
we have conjectured certain principles that strongly constraint the form of such corrections,
but still leave some freedom.
There has been a lot of progress in understanding which kind of functions can appear in
the low energy expansion of string amplitudes in flat space, see for instance [43–46]. These
are special modular functions with a very rich mathematical structure, see [47–49]. It would
be fascinating to understand how much of this structure extends to curve space-time.
Another interesting question is the extension to higher genus. From the CFT perspective,
higher trace operators will also enter into the game. A step towards this aim would be first
to understand genus one corrections to more general correlators, involving the KK-modes
of the graviton. At tree level and in the supergravity approximation a very nice structure
arises [28, 50]. It would be interesting to see if any of this structure survives at loop order
and/or when including stringy corrections.
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A A basis for polynomial Mellin amplitudes
An important ingredient used in this paper is a family of sums over super-conformal blocks,
truncated in the spin and labelled by L, the highest spin entering the sum, and q = 0, 1, · · · .
These sums take the form
S
(q)
L (z, z¯) =
L∑
`
∑
n
aMFTn,` ρ
(L,q)
n,` gn,`(z, z¯) (69)
where aMFTn,` are the (square) OPE coefficients of the double-trace operators, in the mean
field theory approximation, given by (15) for p = 2. gn,`(z, z¯) is a short-hand notation for
g∆n,`(z, z¯), with ∆n = 4 + 2n+ `, where the super-conformal blocks are given by
g∆,`(z, z¯) = (zz¯)
∆−`
2
z`+1F∆+`+4
2
(z)F∆−`+2
2
(z¯)− z¯`+1F∆+`+4
2
(z¯)F∆−`+2
2
(z)
z − z¯ (70)
with Fβ(z) = 2F1(β, β, 2β, z) the standard hypergeometric function. For L = 0
ρ
(0,q)
n,0 =
(n+ 1)5(n+ 3)Γ(n+ q + 6)
(2n+ 5)(2n+ 7)Γ(n− q + 1)Γ(q + 6) (71)
while for L = 2:
ρ
(2,q)
n,2 =
(n+ 1)7(n+ 3)3Γ(n+ q + 8)
(2n+ 5)(2n+ 7)(2n+ 9)(2n+ 11)Γ(n− q + 1)Γ(q + 8) (72)
ρ
(2,q)
n,0 =
2q + 5
3(2q + 9)
ρ
(2,q)
n−1,2 (73)
The expressions for all L take the form
ρ
(L,q)
n,L =
Γ
(
n+ 5
2
)
Γ(L+ n+ 4)Γ(L+ n+ 6)Γ(L+ n+ q + 6)
2L+2Γ(n+ 1)Γ(n+ 3)Γ
(
L+ n+ 9
2
)
Γ(L+ q + 6)Γ(n− q + 1) (74)
ρ
(L,q)
n,L−2j = ρ
(L,q)
n−j,L
Γ
(
q + 5
2
+ j
)
Γ
(
L+ q + 7
2
− j)
Γ
(
q + 5
2
)
Γ
(
L+ q + 7
2
) κ(L)j (75)
for j = 1, 2, · · · , L/2, where
κ
(L)
j =
4Γ
(
j + 1
2
)
Γ
(
j + 5
2
)
Γ(L+ 2)Γ
(−j + L+ 3
2
)
Γ
(−j + L+ 7
2
)
3piΓ(j + 1)Γ
(
L+ 3
2
)
Γ
(
L+ 7
2
)
Γ(−j + L+ 2) (76)
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A feature of these insertions, to be used in the body of the paper, is the large n behaviour,
given by
ρ
(L,q)
n,` ∼ n2q+9+2L (77)
In [23] we characterised related sums as having a particularly simple structure, involving
only rational functions and log(1 − z), log(1 − z¯). In this paper we find a more precise
characterisation: there is a basis of polynomial Mellin amplitudes, symmetric under t ↔ u
and denoted as M
(q)
L (s, t), such that their logU piece in space-time exactly coincides with
SqL(U, V ). M
(q)
L (s, t) takes the following form:
M
(q)
L (s, t) = −
22−
L
2 Γ
(
s
2
− 1)Γ (L
2
+ q + 7
2
)
Γ
(
L+ q + 7
2
)
Γ
(−q + s
2
− 1)P (q)L (s, t) (78)
where P
(q)
L (s, t) is a polynomial of degree L in s, t, q and possesses the symmetry
P
(q)
L (s, t) = P
(q)
L (s, 4− s− t)
For the first few cases we obtain
P
(q)
0 (s, t) = 1 (79)
P
(q)
2 (s, t) =
31s2 + 162st− 208s+ 162t2 − 648t+ 624
6
(80)
+
7s2 + 36st− 28s+ 36t2 − 144t+ 64
6
q +
2
3
q2(s− 4)
For a given L the polynomials can be determined as follows. The four-dimensional super
conformal blocks are eigenfunctions of a quadratic Casimir
Cgn,`(z, z¯) = λn,`gn,`(z, z¯), λn,` = (n+ `+ 3)(n+ `+ 4) + (n+ 1)(n+ 4) (81)
This Casimir has a specific action on Mellin space, as a difference operator:
C = 1
4
(
s2 − 2st+ 8s− 2t2 + 8t− 16)−1
4
(s−4)2T−s (1+T+t )+
1
4
(t−4)2T−t +
1
4
(s+t)2T+t (82)
where the shift operators T±s,t shift the corresponding Mellin variable by ±2. Acting with
the Casimir operator on the sums (69) will have the effect of multiplying ρL,qn,` → λn,`ρL,qn,` .
This can be written as a linear combination of the ρL
′,q′
n,` themselves with q
′ = q + 1, q, · · ·
and L′ = L,L − 2, · · · . This implies a difference equation relating CM (q)L (s, t) to a linear
combination of the M
(q′)
L′ (s, t) themselves. For any fixed L this can be worked out, and leads
to a difference equation from which the polynomials can be fixed.
The functions M
(q)
L (s, t) represent a basis for polynomials in s, t symmetric under t ↔
4− s− t, where the degree in t is given by L. For instance, for L = 0 we obtain
M
(0)
0 (s, t) = −4, M (1)0 (s, t) = −4(
s
2
− 2), M (q)0 (s, t) = −4(
s
2
− 2)(s
2
− 3) · · · (s
2
− q − 1)(83)
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which clearly form a basis for polynomials in s. The above Mellin expressions are given in
the ’frame’ of the 〈2222〉 correlator. For the application in the body of the paper it will be
useful to translate such Mellin expressions to the frame of the correlator 〈22pp〉. If a given
function of cross-ratios has a Mellin representation M(s, t) with respect to 〈2222〉, then its
Mellin representation in the p−frame is simply
M(s, t)|p−frame =
Γ(2− s/2)
Γ(p− s/2)M(s, t+ 2− p) (84)
we will denote the above Mellin expressions in the p−frame as M (q)p,L(s, t). As usual, for p = 2
we suppress this index.
Let us add the following observation. In the body of the paper it is important to reproduce
space-time answers with a specific piece proportional to log2 U . From the discussion above,
together with basic properties of residues it follows
S
(q)
L (z, z¯) log
2 U ↔ 2M (q)L (s, t)ψ0
(
2− s
2
)
(85)
where ψ0(x) is the digamma function.
B Inverting polynomial Mellin amplitudes
The previous appendix gives a systematic way to compute the anomalous dimension given
a polynomial Mellin amplitude of a fixed degree in t. We would like to derive an integral
formula for this. Let us start with the simplest case M(s, t) = M0(s), a Mellin amplitude
which is just a function of s. Following the discussion in the previous appendix, only operator
with spin zero will acquire an anomalous dimension. We look for an inversion formula of the
form
γn,0 =
∫ i∞
−i∞
dsK0(s)M0(s) (86)
Acting with the Casimir operator on both sides of this equation we obtain
λn,0γn,0 =
∫ i∞
−i∞
dsK0(s)CM0(s) =
∫ i∞
−i∞
dsK0(s)
1
2
(
s(4 + s)M0(s)− (s− 4)2M0(s− 2)
)
=
∫ i∞
−i∞
ds
1
2
(
s(4 + s)K0(s)− (s− 2)2K0(s+ 2)
)
M0(s)
where in the second line we shifted the contour of integration in the second term. This should
be true for generic M0(s) and leads to
λn,0K0(s) =
1
2
(
s(4 + s)K0(s)− (s− 2)2K0(s+ 2)
)
which gives a recursion relation from which we can determine K0(s) up to a multiplicative
n−dependent factor:
K(0)n (s) = hn
Γ
(
s
2
− n− 2)Γ ( s
2
+ n+ 4
)
Γ
(
s
2
− 1)2 (87)
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The overall coefficient can be fixed as follows. Using the basis of solutions given in appendix
(A) for L = q = 0 we require
2ρ
(0,0)
n,0 = −4
∫ i∞
−i∞
K(0)n (s)ds. (88)
We find
h(n) = − n+ 3
4(2n+ 5)(2n+ 7)
, (89)
where we have used the following result∫ i∞
−i∞
ds
Γ
(
s
2
+ n+ q
)
Γ
(
s
2
− n− 2)
Γ
(
s
2
− 1)2 = 2Γ(n+ q + 2)
2
Γ(n+ 1)2Γ(q + 2)
(90)
where for integer n the contour includes the poles s = 4, 6, · · · , 2(n+ 2).
This method can be generalised to any polynomial Mellin amplitude. Let’s pick the
following basis of symmetric functions in t, u:
M(s, t) = M0(s) + (t
2 + u2)M2(s) + (t
4 + u4)M4(s) + · · · (91)
Under the action of the Casimir
CM(s, t) = Mˆ0(s) + (t2 + u2)Mˆ2(s) + (t4 + u4)Mˆ4(s) + · · · (92)
Let us introduce a matrix notation in this basis, M(s) = (M0(s),M2(s), · · · )T and the same
for Mˆ. Then we have
Mˆ(s) = C0(s)M(s) + C−(s)M(s− 2) (93)
where C0(s),C−(s) are upper triangular matrices, which are calculable for truncations of
any size:
C0(s) =

1
2
s(s+ 4) −1
2
(s− 8)s(s+ 4)− 32 . . .
0 1
2
(s(s+ 8) + 20) . . .
...
...
. . .
 ,
C−(s) =
−
1
2
(s− 4)2 1
2
(s− 6)(s− 4)2 . . .
0 −1
2
(s− 4)2 . . .
...
...
. . .

Now we would like to construct a family Kernels Km,n(s) such that
γn,` =
∫ i∞
−i∞
ds
(
K(`,`)n (s)M`(s) +K
(`,`+2)
n (s)M`+2(s) + · · ·
)
(94)
In matrix notation, we can consider an upper triangular and a diagonal matrices
(K(s))i,j = K
(2i,2j)
n (s), J = diag(λn,0, λn,2, λn,4, · · · ) (95)
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Acting with the Casimir on both sides of (94) and shifting the contour we arrive to the
following relation
JK(s) = K(s)C0(s) + K(s+ 2)C−(s+ 2) (96)
This leads to an infinite set of relations for the Kernels K
(`,`+2m)
n (s), m = 0, 1, 2, · · · which
can be solved iteratively. The solution to these relations takes the following form
K(`,`+2m)n (s) =
Γ
(
n+ 5
2
)
Γ(`+ n+ 4)
2`+2Γ(n+ 3)Γ
(
`+ n+ 9
2
) Γ ( s2 − n− 2)Γ ( s2 + n+ 4 + `)
Γ
(
s
2
− 1)2 P (2m)n,` (s) (97)
where P
(2m)
n,` (s) are polynomials in s of degree 2m, which are uniquely fixed by the recurrence
relations and P
(0)
n,` (s) = 1. For instance the second order polynomials P
(2)
n,` (s) satisfy
(2n− s+ 4)(2`+ 2n+ s+ 8)P (2)n,` (s+ 2) + (s(2`+ s+ 8) + 2(`+ 2)(`+ 5)− 2λn,`)P (2)n,` (s) =
=
1
3
(`+ 1)(`+ 2)
(−3(s− 4)λn,` + `(3`+ 25)s− 10`(`+ 7) + 6s2 + 24(s− 4))
assuming they are second order polynomials in s, this relation fixes them uniquely.
C Double-discontinuity of loop supergravity
In the body of the paper we gave the double-discontinuity of the correlator to order 1/c2,
in the supergravity approximation, in terms of five rational functions. These functions are
given by
R0(z, z¯) =
UV 3(3V − 7(U + 1))
16(z − z¯)5 +
V 2(−4U − 3V + 15)
48(z − z¯)3 +
V
(
7U
3
− V − 3)
16U(z − z¯) −
z − z¯
16U
R1(z, z¯) =
V 2 (U2 − U + V − 1)
8(z − z¯)4 +
UV 3 (U2 − UV + 5U − V + 1)
8(z − z¯)6 +
(1− V )V
8U(z − z¯)2
−(1− U)
2 + 5V
96(z − z¯)2 +
V (V + 1)− 2(1− U)2
64UV
+
13
192
R2(z, z¯) =
U (1− U2)V 2
8(z − z¯)5 +
V
8U(z − z¯) +
V (U(1− U)− 6(−U + V + 1))
96(z − z¯)3
+
(2U − V − 2)(z − z¯)
64UV
+
1− U + V
96(z − z¯)
R3(z, z¯) =
UV 2(U − V − 1)
8(z − z¯)6 +
V (U − V − 1)
8U(z − z¯)2 +
V 2
4(z − z¯)4
R4(z, z¯) =
U3V 2(U + V − 1)
8(z − z¯)6
Where we have used a mixed notation for the cross-ratios, with U = zz¯, V = (1− z)(1− z¯).
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D Regular terms ambiguities for loop supergravity
In the body of the paper we have seen that the precise double discontinuity in the loop
supergravity approximation implies a Mellin amplitude which is the sum over simultaneous
poles in two Mellin variables. In particular, single poles are absent. Furthermore, matching
with the flat space limit suggest that regular terms are also absent, except for a single constant
ambiguity (the simplest quartic vertex) independent of the Mellin variables. In this appendix
we perform an independent check of this fact. In order to do this we take as a starting point
the Mellin expression, in terms of simultaneous poles, and compute the corresponding space-
time answer. We will work to order U2 and keep only the pieces proportional to log2 U and
logU . Note that the three terms will contribute to this. We would like to study the Mellin
amplitude around s = 4, keeping also regular terms. Let us study the three terms separately:∑
m,n=2
cmn
(s− 2m)(t− 2n) =
1
s− 4
∑
n
c2n
t− 2n +
∑
m 6=2,n
cmn
(4− 2m)(t− 2n)∑
m,n=2
cmn
(s− 2m)(u− 2n) = −
1
s− 4
∑
n
c2n
t+ 2n
+
∑
n
c2n
(t+ 2n)2
−
∑
m6=2,n
cmn
(4− 2m)(t+ 2n)∑
m,n=2
cmn
(t− 2m)(u− 2n) = −
∑
m,n=2
cmn
(t− 2m)(t+ 2n)
Up to terms that vanish as s → 4. Some of sums involved are actually divergent. The
presence of divergences is actually expected, and at the end of this appendix we explain how
to regularise such sums. The final result can be written in terms of polygamma functions,
although is quite cumbersome. Performing the Mellin integrals we arrive at the following
expression
G(2)(U, V ) = U2 (log2 Uh0(V ) + logUh1(V ) + h2(V ))+ · · · (98)
h0(V ) =
6 log V (−3V 2 + (V 2 + 4V + 1) log V + 3)
(1− V )6
and
h1(V ) =
6 (3V 4 − 99V 3 − 333V 2 − 2(V − 1)2 (V 2 + 4V + 1) log(1− V )− 99V + 3)
(1− V )8 log
2 V
+
72 (V 2 + 4V + 1)
(1− V )6 ζ3 +
4 (−3V 2 + 2 (V 2 + 4V + 1) log V + 3)
(1− V )6 pi
2
+
18(V + 1) (−V 2 + 72V + 4(V − 1)2 log(1− V )− 1)
(V − 1)7 log V
+
24(V (V + 4) + 1)
(V − 1)6 log V Li2(V )−
(72(V + 1))
(1− V )5 Li2(V )
+
9 (27V 2 + 86V + 27)
2(1− V )6 −
72 (V 2 + 4V + 1)
(1− V )6 Li3(V )
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h2(V ) will not be necessary for our purposes. With this expression at hand, we can perform
a CPW decomposition and compute the anomalous dimension of leading twist (four) double
trace operators. We find
γloop−sugra0,` = 24
7`4 + 74`3 − 553`2 − 4904`− 3444
(`− 1)(`+ 1)3(`+ 6)3(`+ 8) , ` ≥ 2 (99)
But this agrees precisely with the known result, see [22]. This still leaves the ambiguity
of adding a regular term that only contributes to the anomalous dimension of spin zero
operators. This exactly matches our intuition from the flat space limit.
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